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Abstract: Motion analysis of optically trapped objects is demonstrated 
using a simple 2D Fourier transform technique. The displacements of 
trapped objects are determined directly from the phase shift between the 
Fourier transform of subsequent images. Using end- and side-view imaging, 
the stiffness of the trap is determined in three dimensions. The Fourier 
transform method is simple to implement and applicable in cases where the 
trapped object changes shape or where the lighting conditions change. This 
is illustrated by tracking a fluorescent particle and a myoblast cell, with 
subsequent determination of diffusion coefficients and the trapping forces. 
©2012 Optical Society of America 
OCIS codes: (350.4855) Optical tweezers or optical manipulation; (070.0070) Fourier optics 
and signal processing; (100.0100) Image processing. 
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1. Introduction 
As optical tweezers and counterpropagating optical traps are gradually becoming standard 
techniques [1, 2], reliable tracking algorithms are in demand [3–6]. This is particularly true 
when tracking irregular biological objects where both the shape [7] and the lighting conditions 
can change during the experiment. In this letter, we demonstrate a technique for sub-pixel 
tracking of optically trapped objects based on video recordings of their motion. Tracking is 
achieved through an analysis of the 2D Fourier transform [8–10] of the individual images of 
the recorded video. The 2D Fourier method described here handles changes in object shape 
and illumination conditions, as long as the changes are slow compared to the frame rate of the 
camera. This is in contrast to standard tracking techniques where the shape and illumination 
must remain unchanged during the image sequence [11]. 
We illustrate the 2D Fourier transform motion analysis (FTMA) using data obtained from 
an optical trapping setup based on counterpropagating beams, shaped by the generalized 
phase contrast method and a spatial light modulator [12]. The large working distance between 
the objectives (> 10 mm) enables monitoring of the trapped objects from two orthogonal 
directions with an end-view camera (along the trapping beam direction) and a side-view 
camera [13, 14] thus obtaining 3D information of the particle motion and the trap stiffness. 
First, we describe the FTMA method and illustrate its application by measuring the trap 
stiffness for a 10 µm diameter polystyrene bead under illumination. Second, we show that the 
method can track a fluorescing polystyrene bead where the illumination changes strongly due 
to bleaching – an effect that renders standard camera-based tracking methods difficult to 
apply. Third, we track a myoblast cell, demonstrating that the method also works on irregular 
objects, a complication that makes standard tracking methods unreliable, including those 
based on position sensitive detectors, and quadrant photodiodes [11, 15]. 
2. Theory 
2.1. Fourier transform motion analysis 
The FTMA method is a well-established technique in image analysis used in, for example, 
superresolution [16–18]. Assuming, for simplicity, that we have two images of an object, 
represented by f1(x1,y1) and f2(x2,y2), where the x and y coordinates specify the object’s center 
of mass in the given image. Let any object in the images be equal, except for a linear 
displacement along the vector (∆x,∆y), and let the background be flat. Given these 
restrictions, the two images will be related in the following way 
 ( ) ( )2 1, , .f x x y y f x y+ ∆ + ∆ =  (1) 
Since the amplitude of the Fourier transform of each image depends only on the shape of 
the object in the image, and not its position, a simple expression for the displacement can be 
obtained from the ratio of the Fourier transformed images, F1(kx,ky) and F2(kx,ky) 
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The displacement (∆x,∆y) of the particle from one frame to the next frame is calculated as 
the slope of the phase plane 
 ( ), .x y x yk k xk ykθ∆ = ∆ + ∆  (3) 
The slope is computed using a least mean square fit of the phase difference surface. From 
the 2D experimental values of the phase one can obtain the slope of the phase plane, a vector 
defined as (∆x,∆y), and the intercept of the phase plane with the kx and ky axes using linear 
regression. The motion of the object can subsequently be analyzed using the displacement 
measured between consecutive frames. Appropriate threshold filters should be applied, 
depending on the signal to noise ratio of the images, effects of pixelation, missing pixels, and 
the presence of other unrelated objects in the image or a non-flat background, in order to 
identify the frequencies specific for the trapped object. We have used a simple filter that 
removes the DC-component of the image (kx = ky = 0 µm−1) and subsequently, a threshold 
filter that suppresses low amplitude frequency noise in the image. 
3. Experimental results 
3.1. Tracking of a 10 µm polystyrene bead 
As a first demonstration of the ability of the FTMA to track particles, we have analyzed the 
motion of a single 10 µm diameter polystyrene bead in a counterpropagating optical trap. The 
bead is trapped between the two foci (each with a diameter of 10 µm) of the 
counterpropagating beams, which are separated by 106 µm. The optical power in each beam 
of the trap is 3.7 mW and the wavelength is 1065 nm. The particle is imaged both in end-
view, showing the motion transversal to the trapping lasers (x,y), and in side-view, showing 
motion along the z-axis and x-axis. The x-axis is thus observed in both side- and end-view. 
The frame rate of the cameras was set to 400 Hz with a region of interest (ROI) of 576 × 576 
pixels, and the two cameras are synchronized to within 17 nanoseconds. The method used to 
calibrate the imaging system, as well as more thorough description of the experimental setup, 
is described in previous work [13]. The motion of the trapped particle is followed for 600 
seconds resulting in 240000 frames to be analyzed per camera. Using the FTMA method, we 
obtain the relative displacement of the particle between two successive frames. 
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Fig. 1. Comparison of traces of particle displacements along the x-axis obtained through the 
FTMA method (red) and a reference tracking algorithm (blue). The error bars indicate the 
uncertainty of the tracking algorithms. The inset shows an example of the phase plane 
corresponding to the displacement at 0.12 seconds, indicated by the green arrow. The 
displacement is shown in both µm and pixels. A threshold filter was applied to remove phase 
data corresponding to low spatial frequencies (DC-components) and spatial frequencies with 
low spectral amplitude. The phase plane is down-sloped in the x-axis direction indicating a 
displacement along the negative x-axis 
Selected parts of the full track corresponding to the time interval from 0.1 to 0.2 seconds 
are shown in Fig. 1 as dots. Each red dot corresponds to the ∆x-component of the 
displacement vector (∆x,∆y) obtained from Eq. (3). The inset shows an example of the phase 
plane obtained from two consecutive images at 0.12 seconds. The phase plane has a falling 
slope pointing along the negative kx-axis as indicated by the change in color from blue to 
yellow/orange in the inset. The measured displacements correspond to a fraction of a pixel, 
equivalent to ± 50 nm. In Fig. 1, we compared the FTMA method to a reference tracking 
algorithm (blue dots) where the particle position is obtained by convoluting each image with a 
filter function specific to the trapped particle [11]. Subsequently, the displacement is 
calculated by subtracting neighboring positions. Very good agreement between the two 
tracking methods is evident from Fig. 1. One can quantify the agreement by first assuming 
that the displacement obtained by the reference tracking algorithm is exact and then 
subtracting the displacement obtained from the two methods. This gives a Gaussian 
distribution centered on zero displacement with a standard deviation σ = 8 nm. The accuracy 
of the reference tracking method is described in more detail in [13] and is limited by the 
camera resolution, mechanical drift of the setup and the tracking algorithm. This amounts to 
an accuracy limited to a standard deviation σ = 5 nm. In the present case, where a simple 
object is tracked under optimum lightning condition, the accuracy of the FTMA method is 
thus comparable to that of the reference method. In general, however, the accuracy of both 
methods is sensitively dependent on the experimental conditions. We have performed 
numerical tests of the FTMA method, investigating the standard error in determining the slope 
of the phase plane as function of the signal to noise ration of the image. The slope is directly 
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proportional to the displacement, and we find that the standard error is inversely proportional 
to the signal to noise ratio of the image. 
From the particle positions obtained by the reference method, we determine the trap 
stiffness and the diffusion coefficient using the power spectrum method [19] as shown in Fig. 
2(a). The results for the x- and y-axis are κx = 0.72(1) pN/µm and κy = 0.73(1) pN/µm. The 
trap stiffness along the z-axis is very low (κz < 0.1 pN/µm) and will not be considered here. 
The diffusion coefficient was determined to be D = 0.045(1) µm2s. When the particle is 
tracked using the FTMA method, we sample the displacement ∆ = xi + 1 − xi between two 
consecutive frames. The sampled displacement refers to the particle’s thermal (Brownian) 
motion inside the trapping potential defined by the two trapping laser beams. By solving the 
Langevin equation one can show that the Gaussian variance of the displacement is given by 
 ( )2 2 1D fcτ πτ∆ = +  (4) 
where D is the diffusion coefficient given by D = kBT/γ, γ is the friction coefficient, kB is the 
Boltzmann constant, and T is temperature. τ is the sampling time given by τ = 1/fps, where fps 
is the frame rate of the camera and fc is the corner frequency given by fc = κ/2πγ, where κ is 
the trap stiffness. The first term in Eq. (4) is equal to that of a free particle and the second, in 
the present case, negligible term is (through the corner frequency) dependent on the trapping 
potential. Consequently, the trap stiffness is poorly determined from the distribution of the 
particle displacements. 
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Fig. 2. A reference tracking algorithm (a) and the FTMA method (b) and (c) are used on the 
same 400 fps movie of a trapped 10 µm polystyrene bead for comparison. (a) Power spectrum 
of the particle movement (black line). The red line is the fitted power spectrum |Sx|2 (b) Power 
spectrum for the particle displacement along the x-axis (black line). The red line is the fitted 
power spectrum of the displacement |S∆x|2 as given by Eq. (5). The low frequency noise floor in 
(b) is 7 × 10−8 µm2/Hz. (c) Histogram showing distribution of displacements along the x-axis 
(black dots) and the fitted Gaussian distribution. In (a) and (b) sharp noise peaks at 56 and 76 
Hz caused by mechanical noise in the laboratory was removed from the data before fitting the 
power spectra. The experimental data points were averaged (10 point adjacent averaging) 
before plotting, but after fitting. 
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The trap stiffness can be determined from the power spectrum of the displacement. The 
displacement is related to the average velocity between samples and the power spectrum of 
the displacement is obtained by differentiating the position with respect to time. In frequency 
space this amounts to multiplying with (−iƒ) for amplitude and (−ƒ2) for power. In addition, 
the distribution is multiplied with the sampling time squared. The power spectrum of the 
displacement can thus be obtained from the well known power spectrum of the position 
[13,19] 
 ( ) ( )
2 22 2 2 2
2 22 .x x
c
DS f f S f f f fτ τ∆ = = +  (5) 
Figure 2(c) shows the distribution of displacements along the x−axis and Fig. 2(b) shows 
the corresponding power spectrum of the displacement, both obtained through the FTMA 
method. 
From the variance <∆x2> = 1.93 × 10−4 µm2 shown in Fig. 2(c), we obtain a diffusion 
coefficient of D = 0.039 µm2s−1 in fair agreement with the value D = 0.045 µm2s−1 obtained 
using the reference tracking method [11]. Similarly, we obtain a corner frequency of fc = 1.28 
Hz, from the power spectrum of the displacement, corresponding to a trap stiffness of 0.75 
pN/µm in excellent agreement with the value obtained using the reference tracking method. 
Using the FTMA method, we are thus able to retrieve the parameters describing the motion of 
the trapped bead, trap stiffness and diffusion coefficient, in full agreement with the values 
obtained using the reference tracking method. 
3.2. Tracking of fluorescent beads 
To demonstrate the versatility of the FTMA method we have investigated two cases where the 
trapped objects are either highly irregular or the lightning conditions are changing rapidly. 
First, we exchange the transparent polystyrene bead with a dye imprinted bead. The bead 
absorbs at 580 nm and the fluorescence is centered at 605 nm. The fluorescent bead was 
imaged in end-view (x,y) at 100 fps and a light beam, travelling along the y-axis from a 
supercontinuum light source (NKT Photonics, SuperK) was used to supply 1 mW of 580 nm 
light on the trapped bead at t = 0.6 seconds. The displacements of the particle along the x-axis 
and the y-axis are shown in Fig. 3(b) as a function of time. The simultaneously measured 
fluorescence intensity is shown in Fig. 3(a). When the light source is turned on, the absorbed 
photons push the bead along the y-axis, but motion along the x-axis is also detected. Around t 
= 0.6 seconds when the fluorescent laser is turned on, the approximation that the spectral 
shape of two consecutive images should remain constant is not valid. This could contribute to 
the transient motion observed along the x-axis. However, the actual motion of the fluorescent 
sphere is a result of a non-trivial combination of the momentum transfer from the absorbed 
and emitted photons, bleaching of the dye, and the 3D characteristics of the optical trap. This 
will be described in more detail in a forthcoming paper. Tracking of the particle position with 
the reference method is not possible as a result of the abrupt changes in shape and 
illumination of the object. 
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Fig. 3. (a) Normalized fluorescence intensity for an optically trapped 10 µm diameter dyed 
polystyrene bead as a function of time, t. At t = 0.6 seconds an excitation beam is turned on. (b) 
The corresponding particle displacement along the x-axis (red) and the y-axis (black). The 
curves were shift 100 nm in each direction for clarity. 
3.3. Tracking of myoblast cells 
As an additional example of the strength of the method, we have analyzed the motion of a 
trapped myoblastic cell. The C2C12 mouse myoblast cell line (American Type Culture 
Collection) in Dulbecco’s Modified Eagles Medium was used. Polyethylene glycol(PEG) was 
used to minimize cell adhesion onto the glass surface. A poly(L-lysine)-graft-PEG (PLL-g-
PEG) solution was employed to coat the chamber’s surface since it spontaneously adsorbs 
onto negatively charged surfaces forming a stable polymeric monolayer [20]. The cell was 
trapped using a laser power of 8.1 mW in each beam, each with a focus diameter of 14 µm. 
The two foci were separated by 80 µm. A 30 minute video was recorded at a frame rate of 300 
Hz. The image of the myoblast cells is of low quality, with non-uniform illumination of the 
cell and a strong and irregular background. Consequently, it was not possible to track the 
motion of the cell using standard image analysis. Instead, the cell was tracked using the 2D 
FTMA method. After a Fourier transform of the images taken, a filter was again applied to the 
images. The filter was composed of a DC-filter removing all wave vectors around kx = kz = 0 
µm−1 in combination with a low pass filter that suppresses the high frequency noise in the 
image (kx = ky > 0.5 µm−1). Subsequently, a threshold filter was used to suppress low 
amplitude frequencies, which are typically associated with noise. An example of the images is 
shown in Fig. 4, where also the DC-, low pass-, and threshold filter are indicated. From the 
analysis we obtain the displacement of the cell along the x- and y-directions (end-view) and 
the displacement along the x- and z-directions (side-view). The x-axis data from the side- and 
end-views show the expected correlation. 
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Fig. 4. (a) Image of the trapped myoblast cell indicating asymmetric illumination and 
background. (b) 2D Fourier transform of the image in (a). The DC background in the image 
results in the two lines at kx = kz = 0 µm−1. (c) A 2D filter removes the DC-values around kx = kz 
= 0 µm−1 and applies a threshold in Fourier amplitude. The mask has a value of 1 in the black 
area and a value of 0 in the white area. (d) After application of the filtered image in (c) to the 
2D Fourier transform in (b) a much clearer image of the relevant frequencies are obtained. This 
justifies the following use of the filter on the phase space image in order to obtain the 
displacements. The images of the Fourier transform amplitudes in (b) and (d) are both shown 
on a logarithmic scale. Red corresponds to the highest amplitude and blue to the lowest. 
In Fig. 5 we show the frequency analysis of the x-axis displacement (a) and the statistical 
analysis (b). The distribution of the displacements is Gaussian with a variance given in Eq. 
(4). From the analysis we obtain a diffusion coefficient of D = 0.015 µm2s−1. This is less than 
half the value of the diffusion coefficient of the polystyrene sphere, in accordance with the 
fact that the myoblast cell is approximately twice the size of the polystyrene sphere. In the 
frequency analysis we determine a corner frequency along the x-axis equal to fc = 0.62 Hz. 
From the corner frequency we obtain the trap stiffness for the x-axis, κx = 1.07 pN/µm. 
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Fig. 5. (a) Frequency analysis of the x-displacement of the myoblast cell shown in Fig. 4. The 
fitted curve corresponds to a corner frequency of 0.62 Hz for the x-direction. Data points were 
averaged after fitting as in Fig. 2. (b) Distribution of the x-displacements obtained by tracking 
the motion of the myoblast cells using the FTMA method. The diffusion coefficient is Dx = 
0.015(1) µm2s−1. Combined with the corner frequency obtained in (a) the trap stiffness can be 
determined to be κx = 1.07 pN/µm. 
For the z-axis, the optical trap is approximately a factor of 10 weaker than for the other 
two axes. However, due to the low frequency noise we are therefore unable to determine the 
corner frequency for the z-axis. This is, however, a consequence of the properties of our trap 
rather than the FTMA method. 
4. Discussion 
The long timescales in our data collection is by no means a requirement of the FTMA method, 
but rather a requirement for properly resolving the low corner frequencies of our optical 
trapping system. Furthermore, the FTMA method is not restricted to trapped objects. The only 
requirement is that the analyzed object and the background does not change shape faster than 
the frame rate of the recording camera. 
The FTMA method can also be employed to track multiple objects. In this work we used a 
simple least square fitting routine to obtain the slope of the phase plane obtained from Eq. (2) 
and illustrated in the inset of Fig. 1. In a more general approach, one can obtain the 
displacement of one, or more moving objects, by performing an inverse Fourier transform of 
the complex ratio of the two images given in Eq. (2) [8] 
 ( )
( )
( )
( ) ( )21 1
1
,
, , .
,
x yx y i k x k y
x y
F k k
g x y e x x y y
F k k
δ− ∆ + ∆− −
 
  = ℑ = ℑ = −∆ −∆    
 (6) 
For a single moving object, the inverse Fourier transform gives a delta function located at 
the displacement (∆x,∆y) as evident from Eq. (6). For multiple objects the function g will 
contain several peaks, corresponding to the motion of the center of gravity of the particles and 
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the motion of the individual particles relative to the center of gravity. Several factors, such as 
computational speed, noise, and resolution, influence the applicability of the FTMA method 
for multiple objects and these are presently being investigated. The FTMA method can also be 
used to obtain 3D motion. In the present case, where both end-view and side-view images are 
obtained, the method can be used to track the 3D displacement of the object. If a full 3D 
representation of the objects is available, the image can be transformed to spherical 
coordinates, and the FTMA method can be employed to detect angular displacement of the 
objects [8,21]. 
In summary, we have demonstrated a new method for tracking microscopic objects. The 
method is simple and straightforward to implement for arbitrary objects, as no initial 
definition of the image is needed. The method normalizes the shape of the object after each 
frame and is therefore able to efficiently track objects in cases where the illumination changes 
or the object itself is irregular and changing in time. 
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